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In this paper we study the nonloal eets of nonommutative spaetime on simple physial systems.
Our main point is the assumption that the nonommutative eets are onsequenes of a bakground
eld whih generates a loal spin struture. So, we reformulate some simple eletrostati models
in the presene of a spin-deformation ontribution to the geometry of the motion, and we obtain
an interesting orrelation amongst the deformed area vetor, the 3D nonommutative eets and
the usual spin vetor
~S given in quantum mehanis framework. Remarkably we an observe that
a spin-orbit oupling term omes to light on the spatial setor of a potential wrote in terms of
nonommutative oordinates what indiates that bound states are partiular ases in this proedure.
Conerning to onned or bounded partiles in this nonommutative domain we verify that the
kineti energy is modied by a deformation fator. Finally, we disuss about perspetives.
I. INTRODUCTION
Time and again physis has taken the non-ommutativity property of some mathematial strutures to produe
suitable models [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11℄. It is well known that the mathematial strutures related to quantum
mehanis ould be interpreted as a deformation of the lassial mehanis [12, 13℄. And this deformation reets in
a nonommutative algebra where the lassial variables are taken as operators applied to entities that live in a speial
spae. Formally the quantum theory involves a series of ~ whose oeients are funtions on the phase spae, and
this ~ an be interpreted as the deformation fator [14℄.
In the last years, nonommutative geometry has again oming up in physis in many dierent ontexts. Connes,
Douglas and Shwarz had introdued nonommutative tori spaes as a possible ompatiation manifold of the
spaetime in their pioneering papers [15, 16, 17℄. In those ases, nonommutative geometry arises as a possible senario
for the short-distanes behavior of physial theories. In quantum eld theory the introdution of a nonommutative
struture to the spaetime oordinates, at very small length sales, an introdue a new ultraviolet uto, as it was
formalized by Snyder[18℄. It leads to new developments in quantum eletrodynamis and Yang-Mills theories in the
nonommutative variables funtions versions and also appears in the framework of the string theory[19, 20, 21, 22,
23, 24, 25, 26, 27, 28, 29℄. Reently, several tests have been suggested to detet nonommutative eets in physis
[30, 31, 32, 33, 34, 35, 36, 37, 38℄. It is speially worthy to note Madore's work [39℄, whih formalize the mathematis
of nonommutative geometry and introdued some physial appliations we are going to a further and in a dierent
point-of-view analysis in the present paper.
In this paper we purpose to analyze some aspets of the phenomenology of spatial non-ommutativity in a few
simple physial systems, in partiular we are going to study the form of the potentials in nonommutative oordinates
and its onsequenes. The entral feature of this issue is to onsider the inuene of the loal spin struture on the
geometri deformation imposed in the oordinates. In this diretion we are going to verify the onsequenes of the
spin deformation on the ontent of the elds involved and on their interations. The rst model to be investigated
is the nonommutative spaetime extended eletrostatis theory, where the a priori motivation of this analysis is
beause of the eletrostati phenomena is an essential ingredient for the stability of the mirosopi matter. To this
aim, we are going to assume that we are working with very small ontributions to the lengths on the nonommutative
regime. As a onsequene, the standard eletrostatis to desribe usual phenomena might be modied too. So, we
are going to reassess the Coulomb potential in the nonommutative senario where the self-energy of the eletron is
developed on a non-loal spaetime indued by the geometri deformation introdued in the model.
To a further insight in the deformation of the geometry we are going to diretly assoiate the nonommutative
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2resulting vetor θi (in 3D dimension) with the ordinary spin vetor Si = ~
2
σi. As a motivation we will onsider the
relation between area vetor θi, whose surfae enloses ~S, to the holographi priniple where the inner hyper-volume
has its properties imprinted on the border hyper-surfae [40, 41, 42, 43℄. Bearing this in mind we are going to
assoiate the nonommutative parameter θ to unertainty information measurements of the spin as a deformation on
the geometry. It implies that nonommutative spaetime arises as a kind of spin deformed spaetime. The metri
measurements are redened and we obtain that the ordinary spin-orbit oupling emerges naturally from a eet of rst-
order in θ of the Coulomb potential in a nonommutative spaetime. We are going to show that the spin-orbit term
an be derived diretly from an arbitrary nonommutative potential. The ontribution of seond-order θ2 eet will
also be analyzed. We will show that this term hanges the kineti energy of a partile onned on a nonommutative
spae, and that deformation fator of the kineti energy assumes a standard fator related to the ground state of
energy Eg of the system. We are going to show that suh a phenomenon is related diretly to symmetry Lorentz
violation.
This paper is outlined as follows: in setion II, we present the basi onepts of the nonommutative spaetime.
In setion III, we analyze the behavior of basi eletrostatis and their fundamentals in a deformed geometry due
to non-ommuting spae oordinates. In setion IV, we present the relation between area vetor
~θ (nonommutative
parameter) and spin
~S, and as onsequene we obtain the general spin-orbit term. In setion V, we study the non-
linear θ2 eets on the kineti energy of simple physial systems due to spin deformation of spaetime. In this setion,
we still obtain a standard fator of deformation for kineti energy in nonommutative geometry. In setion VI, we
present basi elements of quantization and to suggest an interesting method to obtain the ground state of energy Eg
of physial systems via the standard fator of deformation of kineti energy. In setion VII, we present the general
onlusion.
II. THE NON-COMMUTING SPACE
In quantum mehanis the phase spae an be dened replaing the anonial variables: position xi and momentum
pi, by their ounterparts: the Hermitian operators xˆi and pˆi [39℄. These operators obey the Heisenberg ommutation
relation, [
xˆi , pˆj
]
= i~ δij . (1)
In suh a lass of theories one an easily infer about the possible failure of the ommutation property on the position
operator measurements, and this fat ould be reassessed by proposing that the spaetime oordinates operators do
obey the follow ommutation relation: [
xˆi , xˆj
]
= iθij , (2)
where the parameter θij is an antisymmetri and onstant tensor with dimension equals to (length)2. An important
aspet onerning this proposition is that the notion of a lassial point has no meaning any longer in the non-
ommutative spae, and the spaetime manifold is replaed by a Hilbert spae furnished by states whih obey an
unertainty relation as,
∆xi∆xj =
1
2
∣∣θij ∣∣ , (3)
that has the same form as the Heisenberg unertainty priniple. In this way, a spaetime point is replaed by a Plank
ell with dimension of area.
To build a nonommutative version of a model we might to replae the ordinary produt between funtions by its
nonommutative ounterpart whih is based on the Groenewald-Moyal [44, 45℄ produt, or star produt (∗). This
new produt operation is applied to funtions of nonommutative variables, or
f(xˆ)g(xˆ) −→ f(x) ∗ g(x) = exp
(
i
2
θµν∂µ∂ν
)
f(x)g(x′)
∣∣
x
′
=x
, (4)
where the star produt between the funtions is written as a partiular operation on funtions depending on usual
ommuting oordinates. In this algebra the ordinary ommutator between spaetime oordinates an be replaed by
a nontrivial form given in the expression (2). The relation between the nonommutative variables funtions and the
usual ones is expressed by
f(x) ∗ g(x) = f(x)g(x) +
i
2
θij∂if(x)∂jg(x) +O(θ
2) , (5)
3where the representation of the produt f(x)∗ g(x) indiates a deformed algebra of funtions on a general spae R3 or
a nonommutative algebra. Hene suh a deformation must be onneted to a nonommutative geometry by means
of a Lie algebra for oordinates xi on R3 represented by the equation (2). Remarkably, it is possible to onnet the
nonommutative algebra (2) to the Heisenberg unertainty relation (1) onsidering the parametri nonommutative
spaetime oordinate,
xˆi = xi −
θijpj
2~
. (6)
We an easily notie that this relation satises the algebras (1) and (2) and it also exhibits a non-loality feature of
the theory in a partiular simple way. Furthermore it gives rise to a priniple whih says that for a large momenta
we have a large non-loality. This non-loality an be depited observing that a plane wave orresponds no longer
a point partile, as in ommutative quantum eld theory, but instead a dipole. Indeed it refers to a rigid oriented
rod whih the extension is proportional to its momentum ∆xi = θijp
j/2~. In this ase, we an propose a general
postulate in order that suh dipoles interat amongst themselves stiking their ends, similar to the open strings [3℄.
III. ELECTROSTATICS IN A NONCOMMUTATIVE SPACETIME
To analyze the eletrostati ase we begin our investigation onsidering a simple model desribing eletri harges
living on a nonommutative geometry. As a prototype appliation we will introdue briey only some basi rules
to eletrostatis in a spatial nonommutative senario. To this aim, we dene the distane rˆ in this spae whih
undergoes the inuene of the deformed geometry. The simplest way to perform this issue is to onsider that a
modied eletri fore is a onsequene of simply hanging the ommutative oordinates to the nonommutative ones
and implement the new algebra oordinates. So we take the nonommutative eletri potential V̂ (rˆ) as an extension
of the usual eletri potential in a nonommutative spaetime, or it now depends on the nonommutative position rˆ,
and on the usual eletri harge q. The nonommutative distane rˆ we an dene by means of the usual inner produt
onto nonommutative oordinates xˆi, in the follow form,
rˆ2 =< xˆi, xˆi > , (7)
whih measures the deformed line length, or distane. Using the algebrai relation (6) we nd the general expression,
rˆ2 = r2 + ρ2 = r2 +
~θ · ~L
~
+
∣∣ ~θ × ~P ∣∣2
4~2
, (8)
where r is the ordinary distane, and ρ is the radius of deformation of the spae whih is independent of r in 3D.
Then if ρ 6= 0 we have a nonloal spaetime and the lassial geometry arises deformed. If ρ = 0 we reah the loal
spaetime regime. We adopt also, by simpliity,
~L onstant in time and position. In 3D the vetor ~θ an be the dual of
the deformation tensor (or nonommutative tensor) θij , and furthermore an represent an arbitrary nonommutative
vetor parameter whih an be written as
~θ = θi =
(
θ1, θ2, θ3
)
= −εijkθjk, (9)
where the θi omponents an assume any real value. The onstant vetor ~θ represents an unertainty parameter to
the simultaneous spae oordinates measurements. In this partiular hoie, the nonommutative algebra takes the
form of a Lie algebra, therefore we are going to have a kind of rotation symmetry in the oordinates, and onsequently
it should be orrelated to the spin struture. Moreover, we an observe that the presene of the linear momentum
~P
and angular momentum
~L in the expression (8) is a onsequene of this deformation of the spaetime. In this sense
it is possible to perform a mapping from a general and well-dened nonommutative funtion f̂(rˆ) to a deformed
funtion f
(
r , ρ) on nonommutative geometry,
f̂
(
rˆ
)
7−→ f
(
r , ρ). (10)
From the deformed distane (8) we emphasize that the deformed radius ρ an be written as,
ρ2 =
~θ · ~L
~
+
∣∣ ~θ × ~P ∣∣2
4~2
, (11)
4where we inlude all the deformed terms whih refer to the linear momentum
~P and the angular momentum ~L. Then
ρ denotes the radius of an elementary volume of the spaetime for small distanes measurements. We observe that the
expression of nonommutative distane (8) is the most general deformation whih satises the nonommutative algebra
(2), in fat we shall still stik out that no deformation is attributed to θ3 term that satises the relation (2) and (6). An
important point to remark is that nonommutative spaetime models and their orresponding deformations indues
a nonloal spaetime onguration, and this non-loality property implies to a non-onventional harge distribution
in this nonommutative regime. Then, onsidering this fat, the notion of point harge turn to be not suitable when
we treat these eets at very small length.
Now, to build the potential energy
1
term we assume that two harge q and q′ are separated by a nonommutative
distane rˆ, so we an write down
V̂ =
qq′
rˆ
=
qq′√
r2 + ρ2
. (12)
Then bearing in mind that the nonommutative and nonloal eets are onsequenes of the deformation ρ, the
nonommutative eletri potential Φ̂(rˆ) (due a soure harge q) in a nonommutative geometry an be written as,
Φ̂(rˆ) =
q
rˆ
=
q√
r2 + ρ2
. (13)
The norms of eletri eld Ê(rˆ) and the Lorentz fore F̂ (rˆ), are also written as
Ê(rˆ) =
∣∣~∇Φ̂(rˆ)∣∣ = qr
(r2 + ρ2)
3
2
and F̂ (rˆ) = q′
∂Φ̂(rˆ)
∂r
=
qq′r
(r2 + ρ2)
3
2
. (14)
The gure below shows that the eletrostati fore between two elementary harges e (in vauum) dereases for
very small length sales (≈ 100fm) when we assume to deal with nonommutative geometry. This behavior implies
obviously in a non-onventional eletri fore theory. Moreover, we an note that for distanes at atomi order (> 1pm)
the model reahes the well-known onventional Coulomb fore. We also observe that the modied eletri fore fades
smoothly up to zero in the Plank length (≈ 10−33cm).
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FIG. 1: Plot of eletrostatis fore F̂ versus the distane r.
It is easy to verify that at the limit ρ→ 0 we also reah the ommutative regime and onsequently the model shows
an ordinary eletrostatis regime at this limit.
1
We are adopting gaussian units.
5Assuming that ρ is small in omparison with r we an expand the the salar potential (13), and taking the terms
up to the order
~θ2 we have,
Φ̂(rˆ) ≃
q
r
−
q
2~
~θ · ~L
r3
−
q
8~2
∣∣ ~θ × ~P ∣∣2
r3
+
3q
8~2
(
~θ · ~L
)2
r5
, (15)
where the rst term q/r stands for the ordinary eletri potential Φ(r) in the stationary regime. The remained terms
in (15) indiate the typial struture of deformations up to the hosen order. In fat the expression (15) is equivalent
to standard Moyal nonommutative expansion of the funtion Φ̂(rˆ) [44℄ whih is given by,
Φ̂(rˆ) = Φ(r) −
1
2~
θijP
j∂iΦ(r) +
1
8~2
θijθklP
jP l∂i∂kΦ(r) + ...+O(θn), (16)
where we an easily verify that the expressions (15) and (16) are equivalent, and moreover it is again easy to verify
from the expression (14) that
~∇ × Ê(rˆ) = 0. On the other hand, the notion of point harge is no longer sensible,
due to the nonloal eets present in this model whih implies that
~∇ · Ê(rˆ) 6= 0 and to the nonommutative ~θ
parameter. Remarkably at very small distanes limit
~∇ · Ê onverges to a x value assoiated to elementary area
desribes by θ, or
lim
r→0
~∇ · Ê = 4π
e
Ω
, (17)
where e is the elementary harge distributed over the deformation volume Ω = 4πρ3/3. So in this limit we an infer
that the ordinary spaetime onguration looses its lassial form and may be redened inorporating new strutural
elements beyond the geometrial notion of point. In our study, suh elements ould be regarded as a kind of miro-
deformations of the spaetime, whih are not onneted to usual idea of topology of the spae, but assoiated to
possible (quantum) dynamis of the deformations. Of ourse these non-trivial topologial eets are originated from
ρ deformations of spae and if we take the usual topology, this deformation ould be orrelated to anomalies that
appear in a non-onventional disrete spaetime. On the other hand, for large distanes or r2 >> ρ2 the onventional
eletrostatis eets prevails over the nonommutative ones.
The sope of the present work is not to enter in the mathematial formalism details, instead our aim is to present
and disuss some interesting new features to the study of eletrostatis in the nonommutative spae extension. One
of these features is the self-energy of the harged partile, whih is taken as an important property indued by the
deformation radius ρ. It is well-known in the usual lassial eletrostatis the self-energy of a point harge diverges
while it is easy to infer from the expression (17) that, in a nonommutative spae, the eletrostatis self-energy Û
beomes non-puntual and the expression an be written as
Û =
1
2
∫ ∞
0
∣∣Ê∣∣2d3x = 3π2e2
8ρ
, (18)
where we have used the expression (14), and we an notie that at the innity limit the energy goes to zero as
in the usual ase, but at the zero limit we obtain an exat and nite value, whih is a funtion of the radius of
deformation ρ only. Therefore, we an also onjeture that the elementary eletri harge e an ome up enlosed
into a minimal surfae whih is haraterized by an intrinsi radius of urvature of the deformation ρ. Hene this
nonsingular onvergene of the equation Û that ould be an eet of the deformation on the spaetime geometry results
in a nonloal eet [47, 48℄ when we onsider very small lengths. Then we an onjeture that we have obtained lue
of a possible internal struture of the harged partile depited by deformation radius ρ of the spaetime.
IV. NONCOMMUTATIVE SPACETIME AND SPIN
An important issue to study is the possible origin of the deformation radius ρ. In the ase treated here, for a
very small length, it is reasonable to evaluate that the ontinuous struture of the spaetime might be spoiled and,
onsequently, nonloal eets emerge. Reently, the disrete spaetime struture resulted [49℄ (or atomi-like struture
of spaetime) has been objet of intense study where nonloal eets are orrelated to a disrete spaetime struture
via a spin foam hypothesis [50, 51, 52, 53℄, where nonommutative geometry emerges naturally. In our ase we are
going to simply explore the nonommutative algebra (2), where we introdue further properties assoiated to the
nonommutative antisymmetri tensor θij in order to obtain models that ould be phenomenologial. Indeed in 2D
it is usual to diretly assoiate the tensor θij to the Levi-Civita tensor ǫij . In that ase it is possible to build various
6theoretial models with a simple sympleti struture. On the other hand, in 3D we an diretly onnet the tensor
θij to the 3-index Levi-Civita ontrated to the dual vetor, or ǫijkθk. In this point view, we might also onjeture
that the measurements of θ implies in nonloal eets due to possible disrete spaetime struture. On the other
hand, let be θ the area of a onneted two-dimensional spatial surfae (or event horizon) that ontains the spin ~S
and guard all information of the intrinsi angular momentum. So we an onsider the spin
~S proportional to area θ
of this surfae. We have reasons to believe that this onept is assoiated to the holographi priniple [41, 42℄. Then,
for very small lengths, we an onjeture that this event horizon an modify the lassial geometry struture by the
spin.
We must to do some omments. In quantum mehanis the realization of the spin as an observable is based on
the appliation of an external magneti eld. This implies that for the spin be realized it is neessary to embed
the system into an environment fullled with a magneti eld. In fat, it is possible to verify from the literature in
some ases that in a nonommutative theory we an assoiate the θ parameter to the magneti eld B, or θ ∝ 1/B
[3, 45, 46℄. In this sense we propose to deform the geometry seeing by an observer on a harged partile and
onsequently the partile Lorentz symmetry is violated [54, 55, 56, 57, 58℄. So the urved trajetory done by the
harged partile reeted by the a spin vetor in the nonommutative algebra (2) indiates that it is related to that
bakground eld environment and a Lorentz symmetry violation on the usual framework. Lorentz symmetry violation
must ours from inomplete information (due to event-horizon-like θ) of spin ~S and the observer (magneti eld)
both limited to unertainty and non-loality of spaetime. In any situation it indiates that the spin deforms the
spaetime struture proportional to event horizon area θ [39℄.
The relation between θ and the spin of the partile an be shown by means of a simple and diret mathematial
formalism in 3D whih does bring to light well-known eets. Bearing in mind the results of last setions, we intend
to x the arbitrary harater of nonommutative area vetor
~θ assuming a diret onnetion to the spin, or
~θ =
~
m2c2
~S , (19)
where
~θ is the dual vetor already given in the equation (9) and ~S an be assumed as the vetor spin operator or
~S = (~/2)~σ, where ~σ are the Pauli matries. We must observe that the expression (19) is a relation in the quantum
domain: for very large m (lassial mehanis limit) so θi ≈ 0 and, onsequently, the lassial geometry prevails.
Hene in our proposal we suggest that the nonommutative deformation arises from the spin struture of a partiular
model. Then using the Cliord algebra {σi , σj} = 2δij , it is easy to get that
∣∣~σ × ~P ∣∣2 = 2P 2 and, so the inner
produt (8), or the deformed distane, an be rewritten as,
rˆ2 = r2 +
~S · ~L
m2c2
+
~
2P 2
8m4c4
. (20)
We an observe that the term
~S · ~L is the spin-orbit oupling ontribution to the magnitude of the distane, while
the last term an be assoiated to utuations of the kineti energy. In fat the deformation θij of the spae an
play the same role of spin inuened by an external magneti eld involved in the eletron orbital motion as in the
atomi physis. It is remarkable that the expression of the deformed distane showed in the expression (20) is the
most general extension whih satises the nonommutative algebra (2). So the algebra an be an rewritten as,
[
xˆi , xˆj
]
= −
i~
m2c2
ǫijkSk . (21)
In this senario the position operator has an Heisenberg's unertainty priniple whih depends on the bakground
eld applied. So, in this sense, the spin vetor observation is a onsequene of the presene of this eld. To get a deep
insight we are going to do some appliations.
A. Coulomb Potential
Realling the Hamiltonian H in ordinary spaetime with Coulomb potential and a perturbation term for the ne
struture whih ontains the spin-orbit oupling Vso =
e2
2m2c2r3
~S · ~L. (whih is used for the hydrogen atom ). The full
Hamiltonian is then given by,
H = T + V =
P 2
2m
+ V =
P 2
2m
+ Vem + Vso =
P 2
2m
−
e2
r
+ Vso =
P 2
2m
−
e2
r
+
e2
2m2c2r3
~S · ~L, (22)
7where m denotes the redued mass of the system. The above Hamiltonian desribes the hydrogen atom in standard
quantum mehanis. Now, taking the relations (19) and (20) we are going to plug in the nonommutative distane and
onsequently the new Hamiltonian Ĥ whih brings a nonommutative Coulomb potential as suggested by expression
(12). The Hamiltonian without the spin setor an be written as,
Ĥem = T + V̂em =
P 2
2m
−
e2√
r2 + ρ2
. (23)
Using the expression (16) we are going to expand the nonommutative potential energy V̂so(rˆ) up to the linear term
in
~θ for simpliity, so we have, that
V̂em(rˆ) ≈ −
e2
r
+
e2
2r3~
~θ · ~L = −
e2
r
+
e2
2m2c2r3
~S · ~L , (24)
where we use the spin orrelation ansatz (19). It is easy to see that the lassial spin-orbit potential Vso oinides
with the last term of the nonommutative potential (24) whih is the linear term of the Taylor expansion. In
phenomenologial point view, the analysis of the hydrogen atom spetrum in nonommutative QED might suggest
also the spin-orbit eet, as was introdued by Chaihian, Sheikh-Jabbari and Tureanu [59, 60℄. We laim that our
hoie in order to assoiate the spin
~S to the ~θ an show that the deformation of the spae is possible due to the spin
originated from a bakground eld as the nonommutative eet. An interesting analogy ould be made here amongst
the spin dynamis and vortie-like dynamis derived from the quantization of the Eulerian dynamis of point vorties
in an ideal uid. In this ase, it is known that the geometrial enter of oordinates of the vortex do not ommute.
This similar orrespondene of these properties might suggest a relation between vortex and intrinsi spin dynamis
whih ould be ditated by the nonommutative spaetime phenomenology.
B. The Harmoni Osillator
We an extend the equivalene between nonommutative potential energy and spin-orbit eets. To this aim we
start o from the general spin-orbit oupling of standard quantum mehanis written in the form,
Vgso =
1
2m2c2
(
1
r
dV (r)
dr
)
~S · ~L, (25)
where V (r) is any ordinary potential energy. As a seond example we an assume the potential energy for the simple
harmoni osillator V (r) = kr
2
2
, and it results that expression (25) beomes as,
Vhoso =
k
2m2c2
~S · ~L , (26)
where k is elasti onstant. Remarkably we an derive the spin-orbit expression (26) from the nonommutative
potential energy taking the deformed distane and its expansion to the linear term in θ, or
V̂ho(rˆ) =
krˆ2
2
≈
kr2
2
+
k
2~
~θ · ~L =
kr2
2
+
k
2m2c2
~S · ~L , (27)
where we assume the spin orrelation (19) so we obtain that the spin-orbit appears when we assume to be in a
nonommutative framework.
C. Logarithmi Potential
As a third example we an assume the logarithmi potential energy V (r) = V0 ln
∣∣αr∣∣. From the general spin-orbit
equation (25) we obtain that,
Vso =
V0
2m2c r2
~S · ~L . (28)
And so we again an derive this term through expansion of a nonommutative logarithm potential energy whih is
funtion of rˆ, resulting in,
V̂ (rˆ) = V0 ln
∣∣αrˆ∣∣ ≈ V0 ln ∣∣αr∣∣ + V0
2m2c r2
~S · ~L (29)
8where we an see as the previous ase that the spin-orbit term emerges as a ontribution of the nonommutative
expansion of the potential energy around the ommutative distane.
D. Yukawa Potential
To the Yukawa potential energy we repeat the same proedure, so taking the potential energy V (r) = q
2
r
e−αr and
using the general form of the spin-orbit oupling equation (25) the potential beomes,
Vso = −
q2 e−αr
2m2c2 r3
(
1 + αr
)
~S · ~L . (30)
Whih we extend to the nonommutative senario and so we an show expliitly the expansion of the nonommutative
Yukawa potential energy, whih yields to,
V̂ (rˆ) ≈ V (r) −
q2 e−αr
2m2c2 r3
(
1 + αr
)
~S · ~L . (31)
We an onlude that for any well-dened spatial nonommutative potential energy V̂ (rˆ) its Taylor expansion from
the ommutative distane around its nonommutative bakground eld ontribution results in the ordinary potential
energy V (r) and an additional linear ontribution of the spin-orbit oupling term. As a matter of fat this is only
valid if we assume that the spin is orrelated with the nonommutative tensor θij showed in the expression (19).
E. General Case
We an infer from a general ase of the linear ontribution of the expansion of the potential energy that the
orrelation between spin-orbit eets and a nonommutative potential energy V̂ (rˆ) an be diretly obtained taking
its expression, or
V̂ (rˆ) = V̂
[r2 + ~θ · ~L
~
] 1
2
 ≃ V (r) + ~S · ~L
2m2c2
(
1
r
dV
dr
)
(32)
where we perform the expansion up to the rst order around
~θ · ~L/~ and we assume the spin orrelation (19). It
remarkably shows that any nonommutative potential energy an be written (as a good approximation) as the ordinary
potential energy V (r) and a general spin-orbit oupling term as the equation (25). It suggests that nonommutative
deformations ould be seen as eetive quantum deformations in the spaetime onstrained by the dynamis of the
spin struture.
V. NONCOMMUTATIVE EFFECTS ON THE KINETIC ENERGY
Up to now we have only disussed the spin-orbit eets derived from nonommutative geometry. Now on we shall
analyze the eetive ontribution of the extra kineti term ~
2P 2/8m4c4 obtained in expression (20) for Coulomb
potential-like in Hamiltonian method. It is well-known that for large linear momenta P this term in the main one,
partiularly in high energy physis. Then using the expression (20) we an obtain the expansion of the nonommutative
Hamiltonian (23), whih results in,
Ĥ =
P 2
2m
−
e2
r
+
e2
2m2c2r3
~S · ~L+
e2~2P 2
16m4c4 r3
, (33)
as we have already seen the third term is the spin-orbit oupling one, further the last term, whih also deays with
r3 distane, represents a kineti term ontribution from the nonommutative deformation. We an verify for the
expression(33) that the extra kineti term an be inorporates to the rst term in suh a way that the deformed
Hamiltonian an be written as,
Ĥ =
α(r)P 2
2m
+ V̂em(rˆ) , (34)
9with the oeient α(r) is
α(r) = 1 +
e2~2
8m3c4r3
(35)
where it an be interpreted as a deformation fator to the kineti energy. Aording to the Hamiltonian (33) the
spin-orbit oupling appears as a nonommutative eet in potential energy while the fator α(r) denotes the non-
ommutative inuene on the kineti energy part. We notie that the maximal ontribution of the α(r) ours when
the system assumes the ground state energy. This means that the distane r is the Bohr radius a0 =
~
2
me2
. In this
senario the fator α(a0) is maximal and omes up dependent of the ground state of energy Eg as well as the partile
rest energy Er of system. Hene the expression (35) assumes the following form,
α(a0) = 1 +
1
2
(
Eg
Er
)2
. (36)
So to the hydrogen atom the ground state of the energy is given by e2/2a0 while the lassial rest energy is mc
2
. For a
state with a xed energy parameter we an determine loally the fator indiated in (36) and the kineti energy of the
Hamiltonian beomes dependent on the rate Eg/Er of the system. Indeed it is a onsequene of our nonommutative
spaetime assumption the imposition of a self-interation point of view. We an also note that if
Eg
Er
<< 1 the fator
(36) results to be α ≈ 1 and we turn bak to the lassial theory. In phenomenologial situations where Eg is large we
have α > 1 and it results in a interesting nonommutative eet on the kineti energy of system. On the other hand
to hydrogen atom we estimate that
Eg
Er
≈ 7.0× 10−10 what implies to α ≈ 1. This result agrees to that of the lassial
Hamiltonian of the hydrogen atom where (at low energy) the kineti term beomes unmodied. Therefore in high
energy system the rate
Eg
Er
indues an inrement in the kineti energy whih an be related to the violation of Lorentz
symmetry. In fat nonommutative theories manifest naturally Lorentz symmetry violation as it has been shown in
several artile [3, 45, 54, 55, 56℄. Suh features an also be onneted to the deformation fator α in the Hamiltonian
(34). It is known that a typial spin-orbit eet violates symmetries of the lassial Hamiltonian in standard quantum
mehanis. However, as we have seen both the fator α and spin-orbit oupling an be derived from nonommutative
eets of potential V̂ (rˆ) with manifest Lorentz symmetry violation.
Bearing this in mind we shall analyze the behavior of the harmoni osillator Hamiltonian (for onned fermions)
assuming the omplete denition (20). Starting o from the nonommutative harmoni osillator Hamiltonian, where
we simply hanged the ordinary distane to the deformed one, we an write down as
H0 =
P 2
2m
+
mω2r
2
−→ Ĥ =
P 2
2m
+
mω2rˆ
2
, (37)
and taking the Taylor expansion in rˆ, we nd that,
Ĥ =
P 2
2m
+
mω2r
2
+
ω2~S · ~L
2mc2
+
ω2~2P 2
16m3c4
. (38)
We then verify that from the Taylor expansion emerges the lassial harmoni osillator Hamiltonian H0 and the
spin-orbit oupling Voso naturally. And the last term is a extra kineti ontribution to the model. Proeeding in same
way the harmoni osillator Hamiltonian arises deformed as,
Ĥ =
α(ω)P 2
2m
+
mω2rˆ
2
+ Vhoso , (39)
where the fator of deformation is, in this ase, expliitly dependent on the angular frequeny ω of the system and
Vhoso is the potential term of the harmoni osillator that ouples to the spin-orbit term. But the kineti energy of
harmoni osillator is deformed by the fator α(ω), whih in this ase is
α(ω) = 1 +
1
18
(Eg
Er
)2
. (40)
Observe that the above expression is very similar to the expression (36). In 3D the harmoni osillator has a ground
state energy whih is dependent of the angular frequeny,
Eg(ω) =
3~ω
2
, (41)
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whih in the ase where we have low values of angular frequeny we have that
Eg
Er
<< 1 and so α(ω) ≈ 1 whih implies
that we reah the usual lassial harmoni osillator. However, when ω is large the rate
Eg
Er
rapidly inreases whih
auses a deformation on the kineti energy of the system. Suh eet ould be observed in high energy physis where
the frequeny ω is high too. There exists a possibility that these eets ould be observed at nulear or partiles
physis. In these ases the deformation fator (40) inreases quadratially in ω,
α(ω) = 1 + βω2 , (42)
where the onstant β depends on the mass of the system. In the onned eletron ase on the nonommutative
domain, the onstant β = 2.0 × 10−43s−2 and so the nonommutative eets inreases quadratially with frequeny
of system, as shows the table below,
α(ω) ω (Hz)
1.00 ≤ 1.0× 1018 ≤ ultraviolet frequenies
1.05 5.0× 1020 X-ray frequeny
1.20 1.0× 1021 γ-ray frequeny
6.00 5.0× 1021 γ-ray frequeny
20.00 1.0× 1022 highest frequenies
,
where we an see that to the frequenies ≤ 1018Hz (limit of ultraviolet frequeny) the kineti energy is unhanged.
In this ase Lorentz violation is no longer observed. However, a small utuation an be noted for 5.0 × 1020Hz on
the kineti energy of partile. Suh eets an be subtly noted at nulear physis and at high energy physis. For
highest frequenies the fator α(ω) inreases rapidly up to the system reahes an unstable state. On the other hand,
for a proton onned in a nonommutative domain we nd that β = 5.7× 10−50s−2 and so the above table omes up
hanged. Atually stable eets on nonommutative spae are expeted for onned objets with small mass (small
β parameter) and high energy.
VI. QUANTIZATION
Now we are able to onstrut the Fok spae starting o from the Hamiltonian (39) in the absene of the spin-orbit
term. So we an write a partiular Fok spae whih is modied by nonommutative deformations as follows:
ai =
√
mω
2~
ri + i
√
α(ω)
2m~ω
Pi and a
†
i =
√
mω
2~
ri − i
√
α(ω)
2m~ω
Pi , (43)
where ri =
(
x, y, z
)
is the ordinary displaement vetor. The partile number operator N̂ in nonommutative geometry
is given then by,
N̂ = a†iai =
1
~ω
(
α(ω)P 2
2m
+
mω2r
2
)
−
3
2
√
α(ω), (44)
and so the Hamiltonian (39) an be rewritten as,
Ĥ =
(
N̂ +
3
2
√
α(ω)
)
~ω (45)
Hene the ground state Êg of nonommutative Hamiltonian Ĥ is orrelated to the ground state of energy of ordinary
harmoni osillator Eg through of the equation,
Êg =
3
2
[
1 +
1
18
(
Eg
Er
)] 1
2
~ω. (46)
It indiates that the system undergoes a deformation due to a self-interation of its own energy on a nonommutative
geometry. And suh a interation impliates in a manifest Lorentz symmetry violating at this level. In the limit
Eg
Er
≈ 0 we might obtain that Êg ≈ Eg as an be dedued of (46). We an suitably explore this violation bearing in
mind the starting point of this model. We an observe that the equation (46) shows that the energies of ordinary
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harmoni osillator beomes deformed in nonommutative geometry (for small length sales) due the unertainty over
spaetime operator. On the other hand, there is an iterative proess in the energy Eg to reah Êg, therefore we
an onlude saying that any realisti nonommutative theory might be equivalent to a trunated expansion of the
original (ommutative) model. In this ase, if we assume that the deformation of geometry is due to the intrinsi spin
perturbation it is possible reover the ground state of energy in nonommutative geometry iteratively through the
ordinary ground state of energy Eg by using the equation (46).
In order to analyze a little bit more the α deformation fator we an observe that the equations (36) and (40)
show the same standard funtional form, whih is expliitly dependent on the rate
Eg
Er
. So, we an onjeture that
the maximal value for the fator of deformation α, taking the maximal deformation expansion reahed in the general
nonommutative Hamiltonian Ĥ, is form,
α(Eg) = 1 + κ
(
Eg
Er
)2
, (47)
where κ is a onstant oeient. The fration
Eg
Er
is spread out on whole model what we an assume as a standard
fator whih depends on the ground state of energy of system. An interesting point to mention is that the general
fator (47) an determine the analytial form for the ground state of energy in any system. In this ase, we just
request for the nonommutative potential energy V̂ (rˆ) be well-dened.
Finally we treat the speial ase of heavy quarks system that onsists basially in two interating quarks QQ
forming a quarkonium system. For a non-relativisti treatment we an approximate the binding quark state by means
of the Shrödinger equation. Hene we an derive a nonommutative Hamiltonian for the quarkonium system whose
analytial expression, taking the the deformation fator in its generi form (46), an be written as,
Ĥ =
P 2
2m
+ V̂ (rˆ), (48)
where V̂ (rˆ) is the general quark interation potential whih is given by the simple power law funtion in the nonom-
mutative version, or V̂ (rˆ) = ϕ + λrˆν , where ϕ, λ and ν are arbitrary parameters. In same way, we might obtain the
Taylor expansion of V̂ (rˆ) by assuming the equations (8) and (19), whih result in,
Ĥ =
P 2
2m
+ V (r) + Vso +Kkin =
P 2
2m
+ ϕ+ λrν +
ν λ rν ~S · ~L
2m2 c2 r2
+
ν λ rν~2P 2
16m4 c4 r2
, (49)
where Kkin is an extra kineti ontribution term to the Hamiltonian. The above Hamiltonian Ĥ orresponds to the
general deformed model written as,
Ĥ =
α(r)P 2
2m
+ ϕ+ λrν + Vso, (50)
where the fator of deformation α(r), for this ase, is given by,
α(r) = 1 +
ν λ ~2 rν
8m3 c4 r2
. (51)
Again the maximum value of α ours at a partiular radius r = a0, whih, in this ase denotes the fundamental
radius for the ground state of energy of the quarkonium binding system. We an easily ompute the ground state of
energy of quarkonium system plug the general fator of deformation (47) in the expression (51), whih is given by,
Eg = η ~
√
λa0ν−2
m
, (52)
here η =
√
ν/8κ is a onstant. We are able to estimate the fundamental radius a0 for the quarkonium system as
a0 ∼
(
mλ
)− 1
2+ν
and substituting in (52) we nd that,
Eg ≃ η~
(mλ)
2
2+ν
m
(53)
what we an notie that it is very similar to the analytial form for the ground state of quarkonium system whih
is obtained from the nonommutative assumption on the oordinates of spaetime. It is interesting to see that the
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energy in (53) depends basially on the redued mass m of system as well as on the oupling oeient stressed by
λ and it represents the energy of the ordinary ground state of quarkonium system. The equation (53) ts as a good
expression to the well-known lassial relation of the level spaing of energy ∆E between quarks [61℄, that depends
on the redued mass m of system and of oupling strength λ, given by,
∆E ≃
1
m
(
mλ
) 2
2+ν . (54)
Therefore, stritly speaking, we an see that the parameter ν above assumes some speial values when: Coulomb-like
(ν = −1), simple harmoni osillator (ν = 2), linear potential (ν = 1), logarithm potential (v = 0) and nally quark
interation when (ν = 0.1). In the speial ase of a quark model the equation obtained in (53) beomes onsistent to
the quarkonium mass spetrum [61℄.
VII. CONCLUSION
In this work we deal with the spin struture of a harged partile as a possible deformation to the nonommutative
geometry [39℄. We have reassessed the eletrostatis interation theory where we have embedded it in a deformed
geometry and have onsidered that quantum utuations of the spaetime implies in nonommutative eets at very
small lengths. In this sense, we have veried that the onventional Coulomb fore is modied at the length sale of
r ≤ 100fm, and we have obtained that the eetive eletri fore fades away with the dereasing linearly with the
distane r in suh way that it vanishes in the limit r → 0. Furthermore we may infer that a sreening eet of the
spaetime implies in the modied eletrostatis fore. We have reasons to believe that, in this sale, the soure of the
deformation of eletrostati fore an be assoiated to quantum basis of the disretization of spaetime. On the other
hand, for length sales where r > 100fm, we have obtained that the eletrostati fore onverges to the onventional
Coulomb fore. In this ase, we gure out that the nonommutative parameter θ may represent a marosopi quantity
of disrete spaetime that is assoiated to the open area spanned by the vetors (or losed surfae) while it beomes
a nonloal one. Hene, as a natural onsequene, the physial partiles an be viewed as nonloal objets immersed
into this deformed geometry, moreover we have obtained that the self-energy of the eletron beomes nite when we
assume the limit r → 0 in this geometry. However, we note that the self-energy turns out to be dependent on an
intrinsi deformation of the spae ρ whih has a quantum essene. We also verify that if ρ → 0 (lassial limit of
spaetime) the self-energy returns to be divergent. In this sense, it is reasonable laim that spaetime ould show an
internal quantum struture whenever it is beyond the onventional geometry.
A very diret and simple way to indue a deformation on the spaetime is to onsider that nonommutative
parameter θ to be proportional to the intrinsi spin struture [39℄. Then, we an onjetured that the area (or θ)
is proportional to the modulus of the spin vetor. So we ould laim that the spin struture deforms the spaetime
in the quantum level what implies in several eets in onventional Quantum Mehanis. Taking this point as our
strategy, we have obtained loal spin-orbit ouplings as the linear ontribution to the potential energy. In the lassial
senario we an verify that a usual potential an be generally written down in terms of nonommutative oordinates,
and onsequently the potential-like V̂ (rˆ) inludes a spin-orbit oupling eets, whih is in fat an angular momenta
eet due to the deformation of the trajetory. In this work, we have obtained behaviors in a very good agreement
with onventional spin-orbit terms of Quantum Mehanis, at least as the linear approximation. So we ould say that
spin-orbit eets ould be realized as nonommutative eets of spaetime due to the spin struture.
On the other hand we have also obtained that the seond-order ontribution of potential energy expansion inludes
an extra kineti term in the Hamiltonian in onsideration. We verify that this term is relevant to the dynamial
struture of onned partiles submitted to the general potential energy V (r) and the kineti term beomes a deformed
one by an standard fator α whih is dependent on the ratio between the ground state of energy of onned system
and rest energy of partile. Dealing with a simple model whih has this deformation fator α in onventional physial
systems we obtain, with a very good estimative, the ground state expression as well as others interesting aspets to the
quarkonium system for instane. Furthermore we notie that when α ≈ 1 (no kineti deformation) we reah easily an
Hydrogen Hamiltonian system emphasizing the Quantum Mehanis onnetion. We onlude that this simple model
an easily inform about the energy ground state of omplex physial systems when assuming the nonommutative
potential energy with a spin struture. Moreover we an infer that the standard fator inreases for high energy
onned systems (for instane, the quarkonium systems) where indeed suh eets an be involved with possible
Lorentz symmetry breaking.
We ould omment that in order to realize the harateristi spin, or atually its angular momentum, of a model we
have to assume that the moving harged partile is embedded into a region fullled by a magneti bakground eld
and so simulating a loal Zeeman eet on the states of the harged partile. So the nonommutativity property is
play by the bakground magneti eld whih is deteted by the spin struture of the dynamis of the model. Moreover
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we an easily infer that the atomi bound state an be a partiular ase where an eletron is embedded on the nulear
eletri bakground eld. A deeper quantum analysis will be the objet of study in a forthoming work.
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